Introduction
Eccentric photorefraction (EPR) is an objective refraction technique which allows one to determine refractive errors in human and animal eyes from a distance of typically 0:5?5m. It is used as an early diagnostic test in infants and small children (Bobier and Optically, EPR is a static retinoscopy technique with an eccentric light source (Ueberschaar 8] ). For a broad range of ametropias, a bright light re ex that carries the information about the degree of ametropia and is usually called \crescent", can be observed in the pupil of the subject.
After early publications by Kaakinen 9, 10] , EPR has been applied and modi ed by many authors. Mirror re ex cameras with catadioptric lens, The optical theory of EPR for spherical refractive errors was pioneered by Howland 13] , and Bobier and Braddick 1]. Their approach was extended to the general case of astigmatic errors by Wesemann, Norcia and Allen 14] . All these attempts aimed at assessing the refractive error solely from the size and orientation of the crescent. Recently, Schae el, Wilhelm and Zrenner 15] started to use the slope of the light intensity distribution in the meridian de ned by the light source as an indicator of the refractive error. In addition Roorda, Campbell and Bobier 16, 17, 18] introduced ray{tracing techniques to analyse the in uence of the eye's aberrations on the size and intensity pro le in this meridian.
An improvement of the accuracy of measurement can be expected from an analysis which includes the complete light intensity distribution in the pupil, as more information is extracted from the crescent. The present paper presents such an analysis, based on Gaussian optics, as this approximation allows the most thorough mathematical analysis (Kusel 19] ). The results will be applied to three special EPR setups: a point light source situated slightly below a camera which has an aperture with a straight edge. Such an aperture is often called a \knife edge". an extended linear light source, starting at the center of the knife edge and oriented perpendicular to its edge. a point source peripheral to a circular camera aperture. The rotational symmetry of such an aperture has practical advantages 20]. Yet, these images are more complicated from the mathematical point of view.
Basic assumptions
In the present paper, EPR is described in the paraxial approximation of geometric optics (Gaussian optics). This implies that 1. di ractive e ects are not considered, 2. image properties are invariant against translations perpendicular to the optical axis, and 3. aberrations of the eye are not taken 3 into account. Another implicit property of the Gaussian approximation is its restriction to optical surfaces of 2nd order, which means that 4. all refractive errors of the eye are completely described by a spherical and a cylindrical power and a cylinder axis component (regular astigmatism). In addition, it is assumed that 5. the light source as well as the light scattered back from the retina have an isotropic intensity distribution, which | in the paraxial approximation | generates a uniform intensity distribution in the pupil plane. Finally, 6 . the pupil of the eye is assumed to be circular.
The present paper aims at determining the \relative intensity" of all points in the pupil of the eye. We de ne that a given point in the pupil has a \relative intensity" of unity if all light rays leaving the eye through this speci c point in the pupil enter the camera aperture and contribute to the image intensity. Quantitative in uences of pupillary illumination and retinal re ectivity are not taken into account.
Finally, it is assumed that the camera is directed towards the eye in such a way that the optical axes of camera and eye coincide. Di erences between the visual axis and the eye's optical axis are neglected.
3 Graphic visualisation of the crescent formation Figure 1 illustrates the basic geometric properties of an eccentric photorefractor with circular camera aperture. Figure 1a plots the camera aperture plane as seen from the subject. Figures 1b and 1c depict the x{z and the y{z planes, i.e. planes formed by the optical axis and the principal meridians of the astigmatic eyes. These planes will also be denoted as \meridional planes". The light source is located outside the camera aperture. The upper panels of Figs. 1b and 1c represent the illumination path; the lower panels represent the observation path. It is assumed that the eye in Fig. 1 has a myopic astigmatism. In both meridians, the far points are located between the camera and the patient's eye. The illumination paths illustrate that the point source forms a blurred elliptical light spot on the retina. In addition, the illustration shows that the meridional plane projections of the light rays backscattered from the retina form intermediate images of the retinal blur in the corresponding far point planes. In cases of myopia, the intermediate images are real (Fig. 1b,c ) and in cases of hypermetropia, they are virtual. The size of the intermediate images is always equal to the diameter of the illuminating light cone in the far point plane. For the drawings of the observation path, use is made of the fact that all rays of retinal stray light leaving the eye through a speci c reference point in the pupil have to pass through these intermediate images. As a consequence, the intermediate images projected onto the camera aperture plane de ne the main axes of an elliptic area of uniform illumination in the camera aperture plane (Fig. 1a) . The important nding at this stage is that the radiance in the reference point in the pupil is proportional to that part of the ellipse that sends light into the camera aperture. In the course of the derivation it will be shown that all ellipses generated by points in the pupil contain the light source.
If the reference point in the pupil moves downwards on the x{meridian (Fig. 1b) , the projected ellipse moves upwards in the opposite direction, thus getting further out of the aperture. The same applies to the y{meridian. These points in the pupil appear increasingly darker. This means that in a myopic eye the crescent is brightest on the side turned towards the light source, and exhibits a continuous decrease of radiance towards the opposite side (Fig. 1a) . The situation is di erent in the case of hypermetropia. Then, a virtual intermediate image forms behind the eye. If the reference point in the pupil moves, the projected ellipse moves in the same direction. It can be concluded that the crescent in a hypermetropic eye is brightest on the opposite side of the light source.
If the projected ellipses are very small, no light enters the camera aperture, and the pupil stays dark. Thus, a \dead zone" exists within which the refractive error cannot be determined. Its width depends on the distance of the light source from the camera aperture. This distance is normally denoted as eccentricity. In addition, it is obvious that EPR measures the refractive error relative to the distance of light source and camera aperture from the eye. 4 Light distribution in the camera aperture plane
In the following, all positions along the optical axis (z axis), running from the camera aperture plane towards the pupil plane, are designated by lower indices that denote the speci c planes. The index l stands for the plane perpendicular to the optical axis, in which the light source is located. The index c stands for the camera aperture plane. The pupil plane is denoted p and the retinal plane r. The distance between pupil plane and retina is termed p (see Figs. 2a and 2b) , the distance between light source and pupil plane l and the distance between camera aperture and pupil plane c. This section aims at nding a mathematical expression for the bounded region (i.e. the ellipse) in the plane of the camera aperture that is illuminated by a general point in the pupil r p = (x p ; y p ; z p ). For this purpose, the path of a ray is described from the light source at the point r l = (x l ; y l ; z l ) through an auxiliary point in the pupilr p = (x p ;ŷ p ; z p ), where the ray is refracted according to the values of refractive power R x and R y , to a point r r = (x r ; y r ; z r ) on the retina. All retinal points r r together form a blurred elliptical light spot. By analogy with the description of the ray path from the light source to the retina, the reverse path from a retinal point through the reference point r p to the point r c = (x c ; y c ; z c ) in the camera aperture plane can also be described. Assuming thatr p represents all points at the pupil margin, the points r c in the camera aperture plane de ne the boundary of an ellipse of uniform illumination.
In eyes with astigmatic refractive power, the rules of Gaussian optics can be applied for the vectorial components of the rays, in the form of projections of the light rays to the principal meridional planes. The nal mathematical expression of the light intensity distribution in the crescent is partly based on this coordinate system of the principal meridians. In optometric applications it is not meaningful to use the tilted coordinate system of the principal meridians. Therefore, a laboratory coordinate system labeled by an upper index L is needed as well. The conversion from the laboratory system (r L = (x L ; y L ; z)) to the coordinate system of the principal meridians (r = (x; y; z)) and back can be achieved by x = x L cos ' + y L sin ' (1) 
and x L = x cos ' ? y sin ' (3) y L = x sin ' + y cos ' (4) where ' is the angle by which the principal meridians system is rotated against the laboratory system. The conversion into the conventional optometric cylinder angle ' T is performed by ' T = 180 ?', if R x < R y , and by ' T = 90 ?' otherwise.
Illumination path
First, the illumination path (Figs. 1b and 1c , upper panels) is considered. A light ray is traced from the light source through a pointr p in the pupil to the retina at z = z r . As shown in Fig. 2a (6) This equation describes the retinal target point of a light ray entering the pupil atr p . If points at the pupil margin are chosen, all target points together form an ellipse on the retina 21]. As the paraxial approximation is characterized by a uniform illumination of the pupil, the blurred elliptical light spot on the retina shows a uniform illumination as well.
Observation path
In order to determine the light intensity distribution in the camera image, i.e. the crescent, the path of the rays scattered back by the retina towards the camera aperture plane has to be described. It is assumed that the retinal blur produces a uniform illumination of the pupil. The ray path from the retina to the camera aperture plane is analogous to that from the light source to the retina (see Fig. 2b ). Analogous to Eq. (6) 
If a ray starts from the light source r l , passes through the pupil atr p and is scattered back from the retina through the reference point in the pupil r p , Eq. (7) describes its end point in the camera plane. For the determination of the edge of the illuminated area in the camera plane formed by all rays leaving the eye through r p , the ray must enter the eye at the pupil margin, thus forming the margin of the retinal blur. According to Eq. (7), for points on the pupil margin withx 2 p +ŷ 2 p = r 2 p (r p represents the pupil radius) 0 B B @ (8) This is an ellipse centered at (x cc ; y cc ) = c x l l + 1 c + F x x p ; y l l + 1 c + F y y p ; (9) its half axes being a = c 1 l + F x r p and b = c 1 l + F y r p : (10) The ellipse axes are parallel to the principal meridians of the astigmatic eye. Again, the ellipse in the camera aperture plane shows a constant irradiance.
Therefore, the intensity detected by the camera in r p is proportional to the area of the ellipse overlapping the chosen camera aperture. If in Eq. (9) the central points of those ellipses corresponding to points within the pupil are considered, i.e. Eq. (9) is solved for x p and y p , and 
In most existing photorefractors the light source is located in the camera aperture plane. In this case the ellipse of the central points (Eq. 11) is centered around the light source. It is equal to the ellipse illuminated by all rays that originate from the pupil center. From this also follows that the ellipses generated by points in the pupil are just those which contain the light source.
5 Semi{circular (knife edge) aperture
After the elliptic area in the camera aperture plane that is illuminated by light from a general point r p in the pupil (Eqs. (8), (9), and (10)) has been described, the e ect of the camera aperture on the brightness in this point can be determined. This can be done by calculating the area of that part of the ellipse which overlaps the aperture and transmits light into the camera. Let us rst consider the case when the lower half of the camera lens is covered by an aperture with a horizontal straight knife edge (Fig. 3a) . The light source is mounted eccentrically and slightly below the middle of the edge of the aperture so that x L l < 0 and y L l = 0. In addition, it is assumed that c = l, i.e. the light source is situated in the aperture plane. As long as the camera aperture is su ciently large and the straight knife edge is the only boundary (i.e. su ciently small refractive error and pupil radius), the crescent formation is easy to describe. This setup is similar to that depicted by Howland 13] , who positioned his light source in the center of the aperture. This di erence, however, has no major e ect on the structure of the crescent.
An interesting modi cation can be made by substituting the point source by a line light source beginning immediately at the knife edge (Fig. 3b) .
Point light source
So far, the calculations have been expressed within the coordinate system of the eye's principal meridians. As the light intensity distribution in the pupil shall be expressed in the laboratory system, the ellipse is transformed to this coordinate system. The knife edge is then described by the line x L = 0. In order to determine the area of the ellipse segment above the knife edge, the intersections of the ellipse and the knife edge, and the x{coordinate of the upper ellipse margin x L max are determined. Next, the area of the ellipse segment has to be calculated by integrating along the x L {axis from the knife edge x L = 0 to the upper margin x L max of the ellipse. It turns out that the expression I(x L p ; y L p ) = 1 2 + arcsin u + u p 1 ? u 2 (12) describes the relative brightness in r L p as long as the corresponding ellipse intersects the knife edge in the aperture plane, and light can enter the camera (Fig. 4) . Otherwise it will be the case that I = 0, and the point in the pupil will be dark. It never occurs that the entire ellipse is above the knife edge, because all ellipses corresponding to points in the pupil contain the light source. The quantity u in Eq. (12) 
The quantity u varies in the range (?1; 1). The pupil radius appears only as a normalizing quantity for the pupil coordinates and the eccentricity of the light source. If these quantities are scaled by the pupil radius, the distribution of brightness in the pupil is independent of the pupil radius.
The quantity E expresses the \relative refractive error" of the eye in the meridian orthogonal to the knife edge, i.e. the refractive error with respect to the distance of the camera aperture. 
the eye is myopic, otherwise it is hypermetropic. In the case of myopia, the brightness increases in the direction of the negative x L {axis, and the crescent is on the same side as the light source. In the case of hyperopia, brightness increases in the direction of the positive x L {axis, and the crescent is on the side opposite to the light source. 
When the refractive error described by E increases, the crescent lls the pupil asymptotically. From Eq. (17) 
The size of the dark area turns out to be independent of the pupil radius. If in a polar diagram this size is plotted against the angle from Eq. From the above results it becomes clear that the EPR knife edge method provides information about the eye's refractive power in the meridian perpendicular to the knife edge, since the structure and especially the size of the crescent are determined by the value of E. In addition, the crescent can be used for deriving the angle , ranging from 0 to 2 . Using Eq. (13) with the appropriate values for E and , the spherical equivalent of the refractive error (F x + F y )=2, the cylinder power F x ? F y and the cylinder axis ' can be determined after two measurements with di erent orientations of the knife edge. 13 
Extended linear light source
When an extended linear light source perpendicular to the knife edge and starting at the knife edge (Fig. 3b) is used, the light distribution in the crescent can be calculated by integrating the intensity distribution for a point source over the linear extent of the e ective part of the extended light source. The linear light source is described by a line luminance A, with the dimension of a reciprocal length. (Fig. 7) This result shows that a determination of the refractive error in the meridian perpendicular to the knife edge, i.e. a determination of E, is possible solely by determining the average light intensity in the pupil and the pupil radius. However, the average light intensity is also in uenced by the irradiance of the light source and the retinal re ectivity, which creates a need for an additional calibration of the system. The calibration could be performed, e.g. by using an additional point light source mounted in the center of the camera aperture.
With the linear light source a complete determinination of ametropia (sphere, cylinder and axis) will require at least two measurements with different orientations of knife edge and light source, if is determined from the crescents. At least three measurements are required if is not taken into account (Oechsner and Kusel 22]).
As the linear light source setup, calibrated as described above, allows a determination of the spherical equivalent simply from measurements of the integral intensity and the pupil radius, it might be a useful tool for dynamic measurements of accommodation. For this purpose, it should be combined with a beam splitter to separate the stimulation path from the observation path.
Circular camera aperture
In a computer controled video{photorefractor setup there are two reasons for using a circular camera aperture rather than a knife edge setup. Firstly, the basic assumption that the light propagation is limited only by the straight edge is not valid for larger refractive errors. Secondly, the rotational symmetry of circular apertures has the advantage that the camera needs not to be rotated between successive measurements, instead LEDs mounted at di erent angles around the aperture can be switched on sequentially.
If a circular camera aperture is used, the light intensity distribution in the crescent can be determined by calculating the area of ellipses that overlap the circle. This leads to a 4th{order equation which cannot be solved in a closed form. Therefore, the simpler case of spherical refractive errors, which can be described by a quadratic equation, will be considered rst.
Spherical refractive errors
In eyes with spherical refractive errors, the brightness of a speci c point r L p in the pupil can be determined on the basis of Eqs. (8), (9) and (10) 1 + cF . The crescent is symmetric about the meridian containing the light source (a fact that is not surprising given the spherical refractive error).
Such crescents can be evaluated by tting circular arcs of constant light intensity, a method by which the common center of all circular arcs can be determined. The refractive error F can then be calculated from the coordinates of this common center and the geometric properties of the measurement equipment.
Astigmatic refractive errors
In the more general case of astigmatic refractive errors, the brightness distribution in the crescent can be determined from the area of ellipse segments overlapping the circular camera aperture. In order to nd the overlapping area, the intersections of ellipse and circle have to be calculated rst. There can be up to four intersections. In the next step the area of the overlap can be computed be means of an integration and, after division by the ellipse area ab, the relative brightness in the reference point r L p is derived. An example for a crescent is shown in Fig. 8 .
The formulae of the intersections are too complex to discuss the light intensity distribution similarly to that of spherical refractive errors. But the crescent margin and the contour of plateaus of the light intensity distribution in the pupil plane can be described. In this connection it is helpful to consider that Eqs. (8), (9) and (10) formally can also be applied to points r L p outside the pupil. Then, the crescent appears as the visible part of a larger light intensity distribution that is hidden behind the pupil of the eye. The light intensity distribution has two symmetry axes, parallel to the principal meridians of the astigmatic eye. The axes intersect at the point (20) as can be derived from Eq. (9) There is an interesting analogy, and also an interesting di erence, to the angle of the gradient of pupillary light distributions in knife edge setups.
The extension of the light intensity distribution in the direction of the principal meridians is also easy to determine. 
results. The positive signs in Eqs. (6.2 c,d) are valid for points in the pupil that generate ellipses which touch the camera aperture margin without overlapping it. These points in the pupil plane form the margin of the light intensity distribution. The negative signs describe the case that the ellipses and the aperture overlap and have a common marginal point. If then \small" ellipses are completely within the camera aperture (a < r c ; b < r c ) or, on the other hand, the aperture is completely overlapped by \large" ellipses (a > r c ; b > r c ), the points r L pb border a plateau of constant light intensity in the pupil plane. The plateau has a relative brightness of unity, if the ellipses are completely inside the aperture, and a relative brightness ab=r 7 Astigmatic errors determined with neural networks 23]
The formalism presented in Section 6.2 allows a numerical computation of the light intensity distribution in crescents seen in astigmatic eyes with a circular aperture. Yet, the inverse solution, i.e. a calculation of the refractive error from the crescent image data, is hampered by the complicated mathematical structure. Therefore, we used neural nets for an analysis of crescents computed according to this theory. Two neural nets determined the x{ and y{coordinates of the center of light intensity distributions in the pupil plane (Eq. (20) In order to get a set of input data for the neural net from the crescents, the latter were developed into a series of Zernike polynomials (for a general formula for Zernike polynomials see Wang and Silva 25] ). The rst 21 coecients of this series were taken, corresponding to a 5th{order approximation of the crescents. They were assigned to the neural net's 21 input neurons. The input data were weighted and associated to each other additively in two hidden layers. The result, i.e. the x{ or the y{coordinate, was delivered by a single output neuron.
The neural net was trained with the Zernike coe cients of a set of 5.000 computed crescents corresponding to randomly selected refractive errors. The values for the refractive error F x in the x{meridian were uniformly distributed within a range (0D; 10D). The refractive error F y in the y{meridian was uniformly distributed within (F x + 0D; F x + 5D) larger than F x , the cylinder angle ' was uniformly distributed in the (0 ; 180 ) interval. This data set was applied to the net with a backpropagation algorithm repeated for 2.000 times.
SNNS contains an auxiliary program that creates functions written in the programming language C from the two trained neural nets. They determine the x{ and y{coordinates from 21 input data and can be transported to a less powerfull computer platform. A di erentiation between myopic and hypermetropic crescents was not necessary, as the crescent structure is symmetrical with regard to the distance of camera aperture and light source from the pupil. Thus, by conversion of the angle{dependent Zernike coe cients, hypermetropic crescents can easily be transformed into myopic crescents of the same relative refractive error, rotated by 180 . For Fig. 10 , a distance of 1m between light source, camera aperture, and the eye was assumed. The pupil radius r p was 2:5mm, the assumed radius of the camera aperture r c was 10mm. The light source was located at x L l = 12mm (i.e. an eccentricity of 2mm) and y L l = 0mm. The accuracy is quite satisfactory as far as screening purposes are concerned.
Summary and Discussion
Based on Gaussian optics, a theory is presented that describes the brightness distribution in the pupil during eccentric photorefraction (EPR) with a point light source. Firstly, the theory is applied to a camera covered by a semicircular aperture (knife edge method). It is demonstrated that lines of constant brightness in the crescent are straight, if the light entering the camera is only limited by the knife edge. From the crescent size and the slope of the brightness gradient, refractive errors of the eye examined can be calculated from a minimum of two pictures with di erent orientations of the camera.
Secondly, the results were used to describe the e ect of a long linear light source starting directly at the boundary of the knife edge. This setup allows a determination of the refractive error in the meridian de ned by the light source by a mere measurement of pupil radius and mean brightness of the pupil. The method requires an additional calibration as the retinal re ectivity and the pupillary illuminance have to be taken into account.
Thirdly, the present paper aims at taking advantage of the total information inherent in the crescents' brightness distribution in order to increase accuracy of photorefraction measurements. A further increase in accuracy can be expected when several pictures with di erent orientations and eccentricities of light sources are evaluated. Then, a camera aperture with rotational symmetry is advantageous due to practical reasons. We have chosen a circular shape of the aperture, as this has, from a mathematical point of view, the simplest form. However, the application of the theory of crescent formation on this circular shaped aperture turned out to be mathematically complicated, and an analytical method to directly compute the refractive data from measured crescents could not be obtained. It could be shown, however, that neural nets are able to analyse computed crescents with a 21 su cient degree of accuracy.
Aberrations and backscattering properties
The theory presented in the present paper is only valid in the strict sense, if the simplifying assumptions listed in Section 2 can be assumed. What happens, when a considerable amount of spherical aberration is present or when the backscattering characteristics of the retinal tissue is anisotropic? In the following, the in uence of these factors is discussed qualitatively.
In the illumination ray path we assumed that, if the point light source is not situated in the far point plane, an elliptical area of the retina is uniformly illuminated. Aberrations of the eye's refractive media, as well as di raction, modify the constancy of the retinal illuminance and the size of the defocused retinal point image. As long as only symmetric aberrations are considered this retinal point image will preserve its elliptical symmetry.
With respect to the observation path we assumed that the refractive power of the eye will produce an aerial image in the far point plane that just lls the light cone formed by the point light source and the pupil if the refraction is not astigmatic. The brightness of a general pupillary point was found by computing the overlap of the projection of this aerial image on the aperture plane and the opening of the aperture. The aerial image was assumed to be the same for all pupillary points. In aberrating eyes and if a non{isotropic scattering characteristics of the retina is considered this concept has to be modi ed:
The aerial image is not uniformly illuminated. Thus, it is not su cient to compute the area of overlap of the aerial image's projection with the aperture. The far point plane varies for di erent pupillary points. Therefore, the aerial image, as well as its projection, di ers for di erent points in the pupil.
As long as an isotropic scattering characteristics of the retinal tissue is assumed, the integral brightness of the aerial images is the same for all points in the pupil. This is not true if an anisotropy of the scattering process oriented towards the pupil center is assumed. These factors obviously modify the brightness distribution in the crescents and prevent a simple analytical description of crescent formation. Roorda et al. 16, 17, 18] tried to describe the in uence of monochromatic aberrations and the stray characteristics of the retina on the brightness distribution in the crescents. In their investigations, however, they used a one dimensional model of the eye which means that their results are based on the assumption that the eye's pupil has a rectangular shape and is aligned to the orientation of the knife edge. Aberrations were assumed to be constant in the direction of the knife edge and varied only in the direction perpendicular to it. Therefore, the model by Roorda et al. gives qualitative hints, but can not quantitatively describe the in uence of aberrations and the directionality of the retinal re ex on the crescent pro le in the general two dimensional case. The exact quantitative solution for circular pupils with two dimensional aberrations and anisotropic backscattering properties still has to be found.
In the following, some implications from the results of this study are discussed.
Knife edge setups
In both knife edge setups, but not in the case of the circular camera aperture, the mathematical description of the crescents' structure has shown that the quantity E rules size and brightness distribution of the crescents, and describes the crescents' orientation. can be concluded. The gure shows that EPR crescents in knife edge setups are mainly determined by the projections of the principal axis components of the relative refractive error on the x L {axis perpendicular to the knife edge. These projected components add up to the quantity E in the sense of the error propagation law. Equation (14) shows that EPR with knife edge setups does not directly measure the meridional component of the relative refractive error in the sense of the cosine{squared law, which would lead to an expression like 1 c + F can be derived that allows one to nd the relative equivalent sphere 1 c + F x + F y 2 , the cylinder F x ?F y , and the angle ' from measured values E i and i by means of a least square t. The orientation of the knife edge relative to the horizontal y L {axis used in the di erent measurements is indicated by ' i . If this evaluation method is applied, at least three measurements with di erent orientations of the knife edge are necessary. It can be expected that the high redundancy of this method leads to a higher measurement accuracy, but, on the other hand, the applicability of the theory is restricted to a relatively small range of ametropias. In higher ametropias the knife edge is no longer the only limiting element of the aperture, and thus the shape of the crescents is in uenced by the semi{circular shaped aperture.
Circular camera aperture
A complete determination of refraction requires a minimum of two measurements with di erent orientations of the camera. Therefore, a circular camera aperture o ers practical advantages. Additionally, knife edge crescents are only easy to analyse, if the knife edge alone limits light propagation, which is true only for a small range of refractive errors. However, if the theory of crescent formation is applied to circular camera apertures, only crescents of purely spherical refractive errors will be easy to interpret. In the general case of astigmatic eyes, the mathematical formalism of crescent determination is complicated and irreversable, so that a calculation of refractive errors from the crescents is di cult.
We could show, however, that crescents calculated on the basis of this theory can be analysed by neural nets. Before applying the neural nets to crescents measured in human eyes, they should be trained with data that include the in uence of spherical aberrations and the scattering characteristics of the retina. Figure 11 : Illustration of the relation of E and to the principal meridional components F x and F y of the relative refractive error. EPR crescents in knife edge setups are mainly determined by the projections of the principal axis components on the x L {axis perpendicular to the knife edge. These projected components add up in the sense of the error propagation law to the quantity E.
